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Equitable total chromatic number
Cycle
Cartesian product
a b s t r a c t
The equitable total chromatic number of a graph G is the smallest integer k for which G
has a k-total coloring such that the number of vertices and edges colored with each color
differs by at most one. In this paper, we show that the Cartesian product graphs of Cm and
Cn have equitable total 5-coloring for allm ≥ 3 and n ≥ 3.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
We consider only finite undirected graphs without loops or multiple edges. Let G = (V (G), E(G)) be a graph with vertex
set V and edge set E. A k-total coloring of a graph G is a coloring of the vertices and edges of G with k colors so that no two
adjacent or incident elements have the same color. The total chromatic number χ ′′(G) of G is the smallest k such that G has
a k-total coloring. A total coloring is equitable if the number of vertices and edges colored with each color differs by at most
one. The smallest k for which G has such a coloring is named equitable total chromatic number and denoted by χ ′′=(G).
There is a long -standing Total Coloring Conjecture (TCC) formulated by Behzad [2] and Vizing [14] independently, which
says that ∆(G) + 1 6 χ ′′(G) 6 ∆(G) + 2 for a simple graph G. Sánchez-Arroyo [13] has shown that deciding χ ′′(G) is
NP-complete. McDiarmid and Sánchez-Arroyo [10] have shown that determining the total chromatic number of k-regular
bipartite graphs is NP-hard for each fixed k ≥ 3 too. TCC has been verified for several classes of graphs in recent years
[3,6,9,15,17,21,22]. Kostochka [8] proved that the total coloring of anymultigraphwithmaximal degree 4 is 6-total colorable.
Fu [5] first investigated the equitable total coloring. He raised Conjecture 1.1 and proved it for a few special cases such
as trees, complete graphs, complete bipartite graphs, complete split graphs, and graphs G with∆(G) ≥ |V (G)| − 2.
Conjecture 1.1. For any graph G, G has an equitable total k-coloring for each k ≥ max(χ ′′(G),∆(G)+ 2).
Wang [16] put forward Conjecture 1.2 and proved it for all multigraphs Gwith∆(G) ≤ 3.
Conjecture 1.2. For any graph G, χ ′′=(G) ≤ ∆(G)+ 2.
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Fig. 1.1. C5C5 .
Zhang [19] obtained the equitable total chromatic number of some join graphs.
The Cartesian product GH of two graphs G and H is the graph with vertex set V (G) × V (H), in which the vertex (a, b)
is adjacent to the vertex (c, d)whenever a = c and b is adjacent to d, or b = d and a is adjacent to c.
Let Cm and Cn be cycles of lengthm and n respectively, the Cartesian product CmCn is a 4-regular graph withmn vertices
vi,j, 0 ≤ i ≤ n− 1 and 0 ≤ j ≤ m− 1, where indices i and j are read modulo n andm respectively.
Fig. 1.1 shows C5C5.
A lot of work has been done on the total chromatic number of Cartesian product graphs [7,11,12,18,21]. Seoud et al. [12]
proved thatχ ′′(CmCn) = ∆+1 form ≥ 3 and n being an even number or amultiple of 3. Kemnitz andMarangio [7] further
proved that χ ′′(CmCn) = ∆ + 1 holds for m ≥ 3 and n being a multiple of 5 too. Baril et al. [1] proved that any Cartesian
product of cycles has an adjacent vertex distinguishing chromatic index equal to ∆ + 1, i.e. that the graph is type 1 by the
observation made in [4] and also in [20]. In this paper, we will show that χ ′′=(CmCn) = ∆+ 1 = 5 for allm ≥ 3 and n ≥ 3.
2. Equitable total 5-coloring of CmCn
Now, we consider the coloring of CmCn. We have
Theorem 2.1. CmCn has equitable total 5-coloring for all m ≥ 3 and n ≥ 3.
Proof. By symmetry, we need only consider the cases form mod 5 ≤ n mod 5. Let
V = {vi,j : 0 ≤ i ≤ n− 1, 0 ≤ j ≤ m− 1},
Em = {vi,jvi,j+1 : 0 ≤ i ≤ n− 1, 0 ≤ j ≤ m− 1},
En = {vi,jvi+1,j : 0 ≤ i ≤ n− 1, 0 ≤ j ≤ m− 1},
where indices i and j are read modulo n andm respectively. Let
β1 = 12345, β2 = 23451, β3 = 34512, β4 = 45123, β5 = 51234.
Let σ be a coloring of CmCn as follows:

















































Case 1.1. n ≡ 0 mod 5 (see Fig. 2.1(3)).
σ(V ) = (Sv1) n5 ,
σ (Em) = (Sem1)
n
5 ,
σ (En) = (Sen1)
n
5 .
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Fig. 2.1. σ(CmCn) form, n ∈ {{3, 3}, {4, 4}, {5, 5}, {6, 6}, {7, 7}}.
Case 1.2. n ≡ 1 mod 5.


























































Case 1.3. n ≡ 2 mod 5.

























Case 1.4. n ≡ 3 mod 5.
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Case 1.5. n ≡ 4 mod 5.




























































































Case 2.1. n ≡ 1 mod 5(see Fig. 2.1(4)).





























































Case 2.2. n ≡ 2 mod 5.






































































Case 2.3. n ≡ 3 mod 5.
Case 2.3.1. n = 3.










σ (Em) = (34234)m−65 342514(53434)m−65 524134(41343)m−65 421253,
σ (En) = (21151)m−65 211325(12225)m−65 133541(55512)m−65 555432.
Case 2.3.2. n ≥ 8.


















































































Case 2.4. n ≡ 4 mod 5.
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Case 3.1. n ≡ 2 mod 5 (see Fig. 2.1(5)).






































































Case 3.2. n ≡ 3 mod 5.
Case 3.2.1. n = 3.






























Case 3.2.2. n ≥ 8.


















































































Case 3.3. n ≡ 4 mod 5.
Case 3.3.1. n = 4.







































Case 3.3.2. n ≥ 9.
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Case 4.1. n ≡ 3 mod 5 (see Fig. 2.1(1)).


































Case 4.2. n ≡ 4 mod 5.







































































































































Clearly, σ is a 5-total coloring of CmCn. Nowwe take Case 5 for example to verify that σ is an equitable total 5-coloring of
CmCn. Let T (CmCn) = (T1, T2, T3, T4, T5), where Ti denotes the i-th color class of σ . Since |T1| = |T2| = |T5| = (3mn+2)/5
and |T3| = |T4| = (3mn − 3)/5, we have ‖Ti| − |Tj‖ ≤ 1 (1 ≤ i < j ≤ 5) for Case 5. Similarly, we have
‖Ti| − |Tj‖ ≤ 1 (1 ≤ i < j ≤ 5) for all other Cases. Hence, σ is an equitable total 5-coloring of CmCn. 
Acknowledgements
We are very grateful to the referees for their careful reading with corrections and useful comments.
References
[1] J.L. Baril, H. Kheddouci, O. Togni, Adjacent vertex distinguishing edge-colorings of meshes, Australas. J. Combin. 35 (2006) 89–102.
[2] M. Behzad, Graphs and their chromatic numbers, Ph.D. Thesis, Michigan State University, 1965.
[3] C.N. Campos, C.P. de Mello, A result on the total colouring of powers of cycles, Discrete Appl. Math. 155 (2007) 585–597.
[4] K. Edwards, M. Horňák, M. Woźniak, On the neighbour-distinguishing index of a graph, Graphs Combin. 22 (3) (2006) 341–350.
[5] Hung-lin Fu, Some results on equalized total coloring, Congr. Numer. 102 (1994) 111–119.
[6] A.J.W. Hilton, Ji-ping Liu, Cheng Zhao, The total chromatic numbers of joins of sparse graphs, Australas. J. Combin. 28 (2003) 93–105.
[7] A. Kemnitz, M. Marangio, Total colorings of Cartesian products of graphs, Congr. Numer. 165 (2003) 99–109.
[8] A.V. Kostochka, The total coloring of a multigraph with maximal degree 4, Discrete Math. 17 (1977) 161–163.
[9] Guang-rong Li, Li-min Zhang, Total chromatic number of one kind of join graphs, Discrete Math. 306 (2006) 1895–1905.
[10] C.J.H. McDiarmid, A. Sánchez-Arroyo, Determining the total colouring number is NP-hard, Discrete Math. 124 (1994) 155–162.
[11] M.A. Seoud, Total chromatic numbers, Appl. Math. Lett. 5 (6) (1992) 37–39.
[12] M.A. Seoud, A.E.I. Abd el Maqsoud, R.J. Wilson, J. Williams, Total colourings of Cartesian products, Int. J. Math. Educ. Sci.Technol. 28 (1997) 481–487.
[13] A. Sánchez-Arroyo, Total colouring regular bipartite graphs is NP-hard, Discrete Math. 78 (1989) 315–319.
[14] V.G. Vizing, Some unsolved problems in graph theory, Uspehi Mat. Nauk. 23 (1968) 117–134.
[15] Shu-dong Wang, Shan-chen Pang, The determination of the total chromatic number of series-parallel graphs with ∆(G) ≥ 4, Graphs Combin. 21
(2005) 531–540.
[16] Wei-fan Wang, Equitable total coloring of graphs with maximum degree 3, Graphs Combin. 18 (2002) 677–685.
[17] Wei-fan Wang, The total chromatic number of planar graphs with maximum degree ten, J. Graph theory. 54 (2007) 91–102.
[18] Yi-xian Yang, hua-ping Liu, Fangc-hun Yang, Zhong-fu Zhang, Total chromatic number of Cartesian products, Math. Appl. 12 (2) (1999) 108–111.
[19] Zhong-fu Zhang, On the equitable total colorings of some join graphs, J. Inform. Comput Sci. 4 (2) (2005) 829–834.
[20] Zhong-fu Zhang, Xiang-en Chen, Jing-wen Li, Bian Liang, Peng-xiang Qiu, A note on the relation of adjacent strong edge coloring and total coloring of
graphs, 2006 (submitted for publication).
[21] B. Zmazek, J. Z˜erovnik, Behzad-Vizing conjecture and Cartesian product graphs, Electron. Notes Discrete Math. 17 (2004) 297–300.
[22] M. Zwonek, A note on total colourings of digraphs, Discrete Math. 306 (2006) 2282–2291.
